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Abstract 
Recent years have observed a dramatic growth in options markets throughout the world. An 
important and realistic problem in investing options is how to form an optimal portfolio. In 
contrast to a huge volume of research papers in portfolio selection for conventional securities, 
not much attention has been paid in the literature on options portfolio selection. This thesis is 
concerned with options portfolio optimization. In a complete market, derivative assets can be 
duplicated with common stocks and bonds. In reality, however, investors may prefer to 
invest in derivatives rather than stocks and bonds. A reason behind could be that the 
transaction costs and cash amount requirement of investing in stocks and bonds are usually 
higher than in derivatives. 
A portfolio optimization problem always involves two critical considerations: risk and return. 
The return is usually measured by the expectation of the terminal wealth of the portfolio. 
There are, however, different ways to measure the risk. We first consider an options portfolio 
optimization problem with guaranteed returns. An optimal portfolio is devised to maximize 
the expected value of the final wealth with a guarantee that the terminal wealth will never fall 
below a given level under any condition. The possibility of the down-side risk is eliminated 
under certain conditions. Another common way in risk control is to adopt the mean-variance 
formulation for options portfolio optimization problems. A multi-period mean-variance 
model is then formulated for options portfolio optimization problems. One technical 
difficulty associated with the mean-variance formulation is its non-separability in the sense of 
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In 1950s, H a r r y Markowi tz publ i shed a p a p e r en t i t l ed "Por t fol io Selection" [14], 
which has es tab l i shed t h e t ounda t i on of m o d e r n por t fo l io theory. His p a p e r pro-
posed t h e mean-var i ance fo rmula t ion for por t fo l io selection in a single per iod , 
w i t h which each por t fo l io is eva lua ted by i ts expec ted r e t u r n a n d t h e associa ted 
risk which is quant i f ied by t h e var iance. E a c h of t h e por t fol ios on t h e efficient 
f ront ier has t h e grea tes t possible r a t e of r e t u r n , given the i r level of risk descr ibed 
as t h e var iance of t h e r e tu rn . F rom ano the r po in t of view, each por t fol io on t h e 
efficient f ront ie r has t h e m i n i m u m s t a n d a r d devia t ion of t h e r e tu rn , given t h e 
level of expec ted r e tu rn . 
Since then , t h e p rob lem of mul t i -per iod por t fo l io selection has been s tud -
ied. Most resul ts in t h e l i t e ra ture of mul t i -per iod por t fol io selection have con-
sidered maximiz ing expected ut i l i ty func t ions of t h e t e rmina l weal th a n d / o r 
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mul t i -pe r iod c o n s u m p t i o n . Only recently, Li a n d Ng general ized t h e ana ly t ica l 
mean-va r i ance f o r m u l a t i o n resul t in s ingle-per iod por t fo l io selection t o mul t i -
pe r iod por t fo l io select ion a n d der ived t h e ana ly t ica l o p t i m a l por t fo l io policy 
a n d t h e ana ly t i ca l express ion of t h e mean-va r i ance efficient f ron t ie r [12]. 
I t is obvious t h a t a por t fo l io can include b o t h securi t ies a n d derivat ive as-
sets. Securi t ies co r r e spond t o c o m m o n stocks a n d bonds . Der ivat ive assets are 
cont ingent c la ims whose value depends on t h e value of o ther , more basic un-
der lying var iables . O p t i o n s are one k ind of derivat ives. A call op t ion gives t h e 
holder t h e r ight t o b u y t h e under ly ing asset by a cer ta in d a t e for a cer ta in price. 
A p u t op t ion gives t h e holder t h e r ight t o sell t h e under ly ing asset by a cer ta in 
d a t e for a cer ta in price. Since t h e 1970s, t he re has been a d r a m a t i c g rowth 
in op t ions marke t s . In early 1970s, Fischer Balck, M y r o n Scholes and R o b e r t 
M e r t o n developed t h e Black-Scholes opt ion pricing mode l which was a m a j o r 
b r e a k t h r o u g h in t h e pricing of op t ions [4, 15]. Th i s mode l s t imula ted academic 
research in op t ions as well as op t ions marke t s . A n o t h e r op t ion pricing model 
is t h e b inomia l model , which is developed by Cox, Ross and Rub ins t r i n [8] and 
R e n d l e m a n a n d B a r t t e r [18]. T h e binomial mode l is considered t o be t h e sister 
of t h e Black-Scholes model . 
A comple te m a r k e t is defined as a marke t in which all t h e cont ingent claims 
are a t t a inab le , i.e., all t h e cont ingent claims can be ob ta ined by implement ing 
a dupl ica t ion s t ra tegy. In th is sense, derivatives are r e d u n d a n t . However, in 
reality, der ivat ives a n d f u n d a m e n t a l securities do make differences. Specifically, 
opt ions provide a fo rm of leverage. Thus , to get t h e same result-profi t or loss, 
2 
t h e cash a m o u n t requ i red t o invest in op t ions is m u c h smal ler t h a n in s tocks 
a n d bonds . Also, inves t ing in der ivat ives m a y incur less t r a n s a c t i o n cost t h a n 
invest ing in s tocks a n d b o n d s . Inves t ing in derivat ives is m u c h cheaper t h a n 
invest ing in s tocks a n d b o n d s . S tud ies show t h a t for m a k i n g a d j u s t m e n t s in t h e 
asset a l locat ion m i x of a pens ion f u n d por t fol io , reduc ing t h e equ i ty exposure 
f rom, say, 80%, t o 70%, index f u t u r e s t r an sac t i ons can b e as m u c h as fo r ty t imes 
cheaper t h a n b u y i n g or selling t h e h u n d r e d s of indiv idual shares t h a t m a k e u p 
t h e equi ty por t fo l io [16]. W i t h t h i s cons idera t ion in mind , we consider in th i s 
thes is mul t i -pe r iod por t fo l io selections w i t h opt ions . 
Mos t of t h e l i t e ra tu re on op t ions por t fo l io are concerned w i t h single pe r iod 
t r a d i n g s t ra tegies . For example , one can crea te a bul l -spread by buy ing a call 
op t ion on a s tock wi th a cer ta in s t r ike price and selling a call op t ion on t h e s ame 
s tock wi th a higher s t r ike price. T h e two call op t ions have t h e s ame exp i ra t ion 
da te . Such a s t r a t egy makes profi t in a bull marke t . One should consider mul t i -
per iod problems t o achieve an inves tment goal in a long t e rm. In such a way, 
t h e investor can a d j u s t his or her posi t ions in different assets a t different s tages. 
A two-s tage opt ions por t fo l io p rob lem is fo rmula ted and solved by s tochas t ic 
p rog ra mming in "A P r i m a l - D u a l Decompos i t ion-Based Inter ior Po in t Approach 
to Two-Stage S tochas t ic Linear P r o g r a m m i n g " by A. Berkelaar , C. Der t , B. 
O ldenkamp a n d S. Zhang [1]. 
T h e profi t f r o m t h e single-period opt ions t r ad ing s t ra tegies depends on t h e 
j udgemen t of t h e t r e n d of t h e s tock price movement in t h e fu tu re . T h e y do no t 
quan t i fy t h e associated risk, which leads to t h e fai lure to control t h e risk in an 
analyt ica l way. 
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I n t h i s thes i s , we cons ider m u l t i - p e r i o d p r o b l e m s o n o p t i o n s por t fo l io . T h e 
inves to r t r a d e s t h e a s se t s a t d i f fe ren t s t ages so as t o a d j u s t t h e pos i t i ons in 
t h e s e asse ts . Also we q u a n t i f y t h e r isk t h r o u g h t w o d i f fe rent ways . O n e w a y is 
t o m a x i m i z e t h e e x p e c t e d r e t u r n w i t h a c o n s t r a i n t of g u a r a n t e e d r e t u r n . T h e 
o t h e r a p p r o a c h is t h e m e a n - v a r i a n c e analys is . 
1.2 Organization Outline 
In C h a p t e r 2，we brief ly rev iew t h e m o d e r n theo r i e s on op t ions a n d po r t fo l io 
analys is . W e discuss t h e def in i t ions a n d t h e payoff f u n c t i o n of op t ions . T h e n we 
review t h e Black-Scholes m o d e l a n d t h e b i n o m i a l m o d e l for op t i ons pr ic ing . In 
t h e por t fo l io t h e o r y review, we discuss t h e M a r k o w i t z M e a n - V a r i a n c e M o d e l a n d 
t h e n i ts m u l t i - p e r i o d ex tens ion by Li a n d Ng (2000). In C h a p t e r 3，we f o r m u l a t e 
t h ^ op t i ons por t fo l io m o d e l w i t h a level of g u a r a n t e e d r e t u r n . W e solve it by 
d y n a m i c p r o g r a m m i n g a p p r o a c h a n d give one numer i ca l example . In C h a p t e r 
4，we develop t h e m e a n - v a r i a n c e f o r m u l a t i o n for op t ions por t fo l io . So lu t ion a n d 
numer i ca l e xa mp le are given. I n C h a p t e r 5, we p resen t t h e conclus ions a n d 




T h e m a t e r i a l p resen ted in th i s chap te r is ma in ly on op t ions a n d por t fo l io theory. 
W e discuss t h e defini t ion, payoff a n d pr ic ing of opt ions . W e t h e n review t h e 
Markowi tz mean-var iance model a n d i ts mul t i -pe r iod extension. 
2.1 Option 
2.1.1 The definition of option 
A n opt ion is t h e r ight , b u t no t t h e obl igat ion, t o b u y (or sell) an asset a t a 
s t a t e d price on (and somet imes before) a s t a t e d da te . T h e r e are two basic t ypes 
of opt ions . A call opt ion gives t h e holder t h e r ight t o b u y t h e under ly ing asset 
by a cer ta in d a t e for a cer ta in price. A p u t op t ion gives t h e holder t h e r ight 
t o sell t h e under ly ing asset by a cer ta in d a t e for a cer ta in price. T h e price 
in t h e cont rac t is known as t h e exercise pr ice or s tr ike price; t h e da t e in t h e 
cont rac t is known as t h e expira t ion d a t e or ma tu r i ty . Op t ions can be classified 
into Amer ican opt ions and E u r o p e a n opt ions according t o t h e t ime t h e opt ions 
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can b e exercised. A m e r i c a n op t ions can be exercised a t any t i m e u p t o t h e 
exp i r a t ion da te . E u r o p e a n op t ions can b e exercised only on t h e exp i ra t ion d a t e 
itself. 
2.1.2 Payoff of Options 
T h e r e are four bas ic op t ion posi t ions: a long pos i t ion in a call op t ion , a long 
pos i t ion in a p u t op t ion , a shor t pos i t ion in a call op t ion , a shor t pos i t ion in a 
p u t op t ion . 
Suppose X is t h e s t r ike price a n d St is t h e final pr ice of t h e under ly ing asset . 
T h e payoff f r o m a long pos i t ion in a E u r o p e a n call op t ion is 
m a x ( 5 V —足 0) (2.1) 
This reflects t h e fact t h a t t h e op t ion will be exercised if S ' t > ^ a n d will 
no t b e exercised if ST < X . 
T h e payoff t o t h e holder of a shor t posi t ion in t h e E u r o p e a n call op t ion is 
- m a x ( 5 r - X , 0) or m i n ( X - 5 t , 0). (2.2) 
T h e payoff t o t h e holder of a long posi t ion in a E u r o p e a n p u t opt ion is 
m a x ( X - 5 T , 0 ) ( 2 . 3 ) 
T h e payoff f rom a shor t posi t ion in a E u r o p e a n p u t op t ion is 
- m a x ( X - 5T , 0 ) or m i n ( 5 V _ X，0 ) . (2.4) 
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2.1.3 Black-Scholes Option Pricing Model 
In t h e ear ly 1970s, F ischer Black, M y r o n Scholes, a n d R o b e r t M e r t o n devel-
oped t h e wel l -known Black-Scholes mode l which is a m a j o r b r e a k t h r o u g h in t h e 
pr ic ing of op t ions [4]. T h e pub l i ca t ion of t h e original Black-Scholes ar t ic le co-
incided wi th t h e open ing of t h e Chicago B o a r d Op t ions E x c h a n g e ( C B O E ) , t h e 
first re ta i l -or ien ted m a r k e t for t h e t r a d i n g of s t anda rd i zed opt ions . T h e mode l 
has h a d a huge inf luence on t h e g rowth of op t ions marke t s . 
Suppose t h e s tock price, S, follows geometr ic Brownian mot ion , 
dS = uSdt + aSdz (2.5) 
where u is t h e expec ted g rowth r a t e of t h e s tock price, a is t h e volat i l i ty of 
t h e s tock price, z is & r a n d o m variable, which follows a W i e n e r process. T h e 
Wiener process z ha s two proper t ies : 
P r o p e r t y 1. 
T h e change A z dur ing a smal l pe r iod of t ime A t is 
A ^ = e \ / A t (2.6) 
where e is a r a n d o m drawing f rom a s t anda rd ized normal d i s t r ibu t ion , 0 ( 0 , 1 ) . 
F rom p rope r ty 1, A ^ itself has a no rma l d i s t r ibu t ion wi th 
m e a n of A z = 0 
s t a n d a r d devia t ion of A z = V ^ 
var iance of A z = A t . 
P r o p e r t y 2. 
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T h e values of A z for any two di f ferent shor t in tervals of t i m e A t a r e i ndepen-
den t . 
F r o m t h e second p roper ty , we can get t h a t 2; follows a Markov process , which 
m e a n s t h a t only t h e p resen t value of a var iab le is re levant for p red ic t ing t h e 
fu tu re . 
A general ized W i e n e r process for a var iable x can be defined in t e r m s of dz 
as follows: 
dx = adt + bdz (2.7) 
where a a n d b a re cons tan t s . 
A n I to process can be defined as: 
dx = a{x,t)dt + b{x,t)dz (2.8) 
T h e dr i f t r a t e a and var iance r a t e b a re func t ions of t h e value of t h e under ly ing 
variable x, a n d t ime t . 
T h e s tochas t ic process for t h e price of a non-div idend-paying stock is a s sumed 
to be: 
dS 二 uSdt + aSdz 
or 
dS , , 
—-udt + crdz 
ij 
I to ' s L e m m a 
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Suppose t he value of a var iable x follows an I to process: 
dx = a{x, t)dt + b(x, t)dz 
where dz is a Wiener process and a and b are funct ions of x and t. T h e 
variable x has a dr i f t r a t e of a and a var iance ra te I to ' s l emma shows t h a t 
a func t ion G of x and t follows t h e process 
fdG dG 1<92Gl2�山 dGk� ,�… 
where dz is t he Wiener process. Thus , G also follows an I to process. It has 
a drif t ra te of 
dG dG Id^G. , … � 
and a variance ra te of 
(罕丫" (2.11) 
\dx J 
Suppose f is t he price of a derivative on the stock price S. The variable / is a 
funct ion of stock price S and t ime t. we assume the stock price as follows: 
dS = uSdt + aSdz 
By using Ito.s lemma, we can get 
, , [ O f c^^df ld\f 
"乂 = + 瓦 + 3 寂 � S J + 仏‘ (-.12) 
The discrete t ime process for (16) and (17) are 
A 5 = u S M + (2.13) 
and 
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where AS a n d Af a re t h e changes in f a n d 5 in a small t ime interval At. 
T h e W i e n e r process Az = e V ^ . To e l imina te t h e W i e n e r process ( the r a n d o m 
p a r t ) we can cons t ruc t a por t fol io: long 裝 shares s tock and shor t 1 derivat ive. 
D e n o t e V as t h e va lue of t h e por t fol io . T h e n 
V = —f + ^ S (2.15) 
T h e change A V in t h e value of t h e por t fo l io in t h e t i m e interval At is 
A V = - A f + ^ / \ S (2.16) 
T h e n f r o m (18) a n d (19), we get 
A l / 十 H 涵 “ j A t (2.17) 
Because t h e r e is no Az in A F , t h e por t fo l io is riskless and m u s t earn risk-free 
in teres t ra te . T h e n 
Ay = rVAt (2.18) 
i.e., 
f df At (2 19) 
so 
+ (2.20) 
dt dS 2 ‘ ^ ) 
Thi s is t h e Black-Scholes-Merton differential equa t ion . 
By solving t h e differential equa t ion wi th a p p r o p r i a t e b o u n d a r y condit ions, we 
can get t h e Black-Scholes formulas for t h e prices at t ime zero of a E u r o p e a n 
call op t ion on a non-dividend-paying stock and a E u r o p e a n p u t opt ion on a 
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non-d iv idend -pay ing s tock are 
c = S o N { d i ) - X e - ' ' ^ N i d 2 ) (2.21) 
a n d 
p = - SoN{-di) (2.22) 
w h e r e 
l n ( V X ) + ( r + c T V 2 ) r 
二 ^ 
aVT 
So： t h e s tock price a t t i m e 0 
X: t h e s t r ike price of t h e op t ion 
r: t h e cont inuously c o m p o u n d e d risk-free r a t e 
a : t h e s tock price volat i l i ty 
T : t h e t i m e t o t u r i t y of t h e opt ion . 
N{x) is t h e cumula t ive p robab i l i ty d i s t r ibu t ion func t ion for a var iable t h a t is 
normal ly d i s t r i bu t ed w i t h a m e a n of zero and a s t a n d a r d devia t ion of 1.0 (i.e., 
it is t h e p robabi l i ty t h a t such a variable will be less t h a n x). 
E u r o p e a n op t ions on d iv idend-paying stocks can be priced if t h e d iv idends over 
t h e life of t h e op t ion are known. We should subs t r ac t s t h e present value of t h e 
dividends over t h e op t ion ' s life f r om t h e stock price and p u t th i s a d j u s t e d stock 
price in to t h e Black-Scholes formula . If dividends can be expressed as a contin-
uously c o m p o u n d e d yield, we can first discount t h e s tock price a t t h e yield r a t e 
and t h e n insert t h e d iscounted stock price into t he Black-Scholes formula . 
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2.1.4 Binomial Model 
T h e binomial mode l is t h e paral lel development of t h e Black-Scholes model . T h e 
binomial model is a discrete- t ime model , allowing t r ad ing only a t f inite t ime in-
tervals. In fact t h e op t ion price ob ta ined f rom t h e binomial model converges t o 
t he Black-Scholes price as t h e life of an opt ion is split into an increasing n u m b e r 
of smaller and smaller t ime intervals. T h e result was shown in Cox, Ross, and 
Rubins te in [1979] and R e n d l e m a n and B a r t t e r [1979]. 
Considering a stock whose price is initially and an opt ion on the stock (or 
any other derivative dependen t on t he stock) whose current price is f . Suppose 
t h a t t he opt ion lasts for t ime T and t h a t dur ing t he life of t he opt ion t h e s tock 
price can either move u p f rom 5 " � t o a new level, SQU, or down f rom So to a 
hgw level, Sod {U> l ;D < 1). If t h e stock price moves u p to SQU, we suppose 
t h a t t he payoff f rom t h e opt ion is Ju] if t h e stock price moves down to Sod, 





Figure 2.1: One Step Binomial Tree 
We construct a portfol io consisting of a long posit ion in A shares and a short 
posit ion in one option. We calculate t he value of A t h a t makes the portfolio 
riskless. If there is an u p movement in the stock price, t he value of t he portfolio 
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a t t h e end of t h e life of t h e op t i on is 
SouA - fu 
If t h e r e is a down m o v e m e n t in t h e s tock price, t h e value becomes 
SodA — fd 
T h e two are equal w h e n 
SouA — fu = SodA - h 
or 
A = k — (2.23) 
SQU — Sod 
In th i s case, t h e por t fo l io is riskless and m u s t ea rn t he r isk-free in teres t ra te . 
T h e above equa t ion shows t h a t A is t h e ra t io of t h e change in t h e op t ion price 
t o t h e change in t h e s tock price as we move b ex ween t h e nodes . 
If we deno te t h e r isk-free interes t r a t e by r , t h e present value of t h e por t fo l io is 
{SouA - fu)e-rT 
T h e cost of se t t ing u p t h e por t fo l io is 
SoA-f 
I t follows t h a t 
SoA-f 二 {SouA 一 fu)e-rT 
or 
/ = <S�A — {SouA - (2.24) 
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Subs t i t u t i ng A into th is equat ion , we get 
/ = + (2.25) 
where 
prT _ J 
P = - ； ^ (2.26) 
u — a 
This is t h e one-step binomial opt ion-pr ic ing model . 






Figure 2.2: Two-s tep Binomial Tree 
where /皿，fud： fdd are t he payoff of t he options. The stock price is initially 
SQ. Dur ing each t ime step, it either moves u p to u t imes its init ial value or 
moves down to d t imes its initial value. T h e no ta t ion for t he value of t h e opt ion 
is shown on the tree. We suppose t h a t t he risk-free interest ra te is r and t h e 
lengtli of t he t ime step is A t years. 
Repea ted applicat ion of 
gives 
= + (2.27) 
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= + (2.28) 
/ = e - r � / J ( 1 ( 2 . 2 9 ) 
Subs t i t u t i ng t h e first two equat ions into t h e th i rd one, we get 
f 二 濃 + 2p{l — p ) / - + (1 - p f U (2.30) 
T h e opt ion price is equal t o its expected payoff us ing r isk-neutra l probabil i t ies. 
T h e principle still holds as more s teps are added t o a b inomial tree. 
2.2 Portfolio Theory 
2.2.1 The Markowitz Mean-Variance Model 
In 1952 Har ry Markowitz published a pape r ent i t led "Portfolio Selection", which 
has established t he founda t ion of modern portfol io theory [14!. K:.? paper showed 
how t o crea te a frontier of investment portfolios, such t h a t each of t h e m had t h e 
greatest possible expected r a t e of re turn , given their level of risk. Equivalently, 
each portfol io on t he efficient frontier has t he m i n i m u m s t anda rd deviation, 
given t h e level of expected re turn . 
Assume t h a t there are n assets. Let Ri be t h e ra te of r e tu rn of the i - th 
asset, i = 1, 2, ...n. Ri is a r andom variable. T h e expec ta t ion of Ri is 
E{Ri ) = n (2.31) 
Let Wi is the weight of asset i in the portfolio, i = 1, 2, . . . ,n . Obviously, 
亡 = l (2.32) 
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T h e r e t u r n r a t e of t h e por t fo l io R is 
n 
R = H 切汲i (2.33) 
i=i 
T h e e x p e c t a t i o n of t h e r e t u r n r a t e of t h e por t fo l io is 
n n n 
E{R) = E � [ w^Ri) = ^ w^E{Ri) = ^ w^n (2.34) 
i~l i=l i=l 
W e use of t o d e n o t e t h e var iance of t h e r e t u r n of asset i , cr^ t o deno t e t h e 
var iance of t h e r e t u r n of t h e por t fo l io a n d a i j t o deno te t h e covariance of t h e 
r e t u r n of asset i w i t h asset j respectively. 
o^ = E\[R-E{R)f] 
n n 
i = l i=l 
n n 
=五[(E切“i?广 切].OR广 r � ) ] 
i=l 3=1 
n 
= W i W j { R i - ri){Rj 一 rj)] 
n 
— ^ ^ WiWjdij (2.35) 
id = l 
T h e n t h e Markowi tz Mean-Var iance Model is fo rmula t ed as t h e following: 
1 几 
min - 'WiWjaij 
2 • • 1 
n 
s.t. ^WiVi > p 
n 
= 1. (2.36) 
i=l 
where p is t h e expec ted r e t u r n of t h e investor. T h e fac tor of \ in f ront of t h e 
var iance is for convenience only. I t makes t h e final form of t h e equa t ions nea te r . 
Th i s is a p rob lem of q u a d r a t i c p rogram. It can be solved by a s t a n d a r d quad ra t i c 
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p r o g r a m solver. If we change t h e value of p, we can get t h e efficient f ron t ie r for 
t h e mean-va r i ance model . 
T h e Markowi t z p rob l em provides t h e f o u n d a t i o n for s ingle-per iod inves tmen t 
theory . T h e p rob l em explici t ly addresses t h e t rade-off be tween expec ted r a t e of 
r e t u r n a n d var iance of t h e r a t e of r e t u r n in a por t fol io . 
2.2.2 Multi-period Mean-Variance Formulation 
Markowi tz mean-va r i ance mode l is a mode l in a single per iod . Since t hen , t h e 
p rob lem of mu l t i pe r iod por t fo l io selection has been s tud ied by m a n y scholars. In 
2000, Li a n d Ng developed t h e ana ly t ica l op t ima l solut ion t o t h e mean-va r i ance 
fo rmu la t i on in mul t ipe r iod por t fo l io selection [12]. 
T h e mean-var iance mode l for mu l t ipe r iod por t fo l io selection is fo rmula t ed as: 
( P i o ) ) : m a x E{XT) (2.37) 
s.t . V a r { x T ) < cr 
n / n \ 
Xt+1 = [ 4 4 + 卜 - 4 e? 
i=l \ i=l J 
= + P;ut 
t = 0 , 1 , 2 , . . . T - 1 
or 
(P2(e ) ) : min V a r { x T ) (2.38) 
s.t . E{XT) > e 
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n / n \ 
xt+i = eH + (工t - � e? 
i = i V 1=1 J 
= + Piut 
t = 0’1，2, . . . , r - i . 
w h e r e xt is t h e t e r m i n a l wea l th , Var^xr) is t h e va r i ance of t h e t e r m i n a l 
weal th .Xt is t h e w e a l t h of t h e inves tor a t t h e b e g i n n i n g of t h e t-th p e r i od . 
i = 1 ,2 , . . . , n , is t h e a m o u n t inves ted in t h e i t h r i sky asse t a t t h e b e g i n n i n g of 
t h e t-th t i m e pe r iod , et = [e?，4, . . . ,e冗， is t h e r a t e s of t h e r i sky secur i t i es a t 
t i m e p e r i o d t. e\ is t h e r a n d o m r e t u r n for secur i ty i a t t i m e p e r i o d t. Ut = 
[ u \ , u l , ...，<]'. P t = . . . . P r y = [(ej — e?), (e? — e ? ) , ( e " - e?)] ' . 
A n equiva len t f o r m u l a t i o n t o e i the r (P l (c7) ) or ( P 2 ( e ) ) in g e n e r a t i n g efficient 
m u l t i p e r i o d po r t fo l io policies is 
{E{w)) : m3.xE{xT) -wVar(xT) (2.39) 
s . t . XT+I = E^XT + P^UT 
t = 0 ,1，2， . . . ,T-1 . 
w h e r e w G [0, oo), is t h e t rade-off b e t w e e n t h e r isk a n d r e t u r n . If vr* solves 
{E{w)), t h e n tt* solves (P1(( j ) ) w i t h a = Var{xT)\7T* a n d tt* solves ( P 2 ( e ) ) 
w i t h e = E{XT)\TT*- W e have w - dE{xT)/dVar{xT) a t t h e o p t i m a l so lu t ion of 
{E{w)). 
All t h r e e p rob lems (P l ( c r ) ) , ( P 2 ( e ) ) , a n d {E{w)) a re difficult t o solve di rec t ly 
d u e t o the i r nonsepa rab i l i t y in t h e sense of d y n a m i c p r o g r a m m i n g . A so lu t ion 
scheme is t o e m b e d p rob l em {E{w)) i n to a t r a c t a b l e auxi l ia ry p r o b l e m t h a t 
is separab le , inves t iga te t h e re la t ionsh ip be tween t h e so lu t ion sets of p r o b l e m 
{E{w)) a n d t h e auxi l iary p rob lem, a n d search for t h e so lu t ion of t h e auxi l ia ry 
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prob l em t h a t a t t a i n s t h e o p t i m u m poin t of p rob l em {E{w)). 
T h e auxi l iary p rob l em is f o rmu la t ed as: 
{A{X,w)) : ma.xE{-wx'^ + XxT} (2.40) 
s . t . Xt+i = e^xt + PtUt 
t = 0 , 1 , 2 , . . . , T - 1. 
T h e p rob lem (A(A, w)) has t h e following features : 
(A(A,i(；)) is of a separab le s t r u c t u r e in t h e sense of dynamic p rogramming . 
T h e objec t ive func t ion of (A(A,w)) is of a quad ra t i c fo rm while t he sys tem dy-
namic is of a l inear form. 
We also have t h e following theorems. 
T h e o r e m 1: T h e solut ion set for p rob lem (B(w) ) is a subset of t h e solut ion set 
for p rob lem (A(A,iu)). we can embed the non t r ac t ab l e p r imal p rob lem (B(w)) 
into a t r ac t ab le auxi l iary p rob lem (A(X, w)) wi th a quad ra t i c ut i l i ty funct ion . 
Theo rem 2: A necessary condi t ion under which a solut ion of t h e auxil iary 
problem cons t i tu tes an op t imal mul t i -per iod port fol io policy of (-E(w)) is A* = 
l-h2wE(xT)U*. 
T h e auxil iary prob lem can be solved by using dynamic p rogramming . T h e n 




Portfolio Selection Model 
with Guaranteed Return 
3.1 Problem Formulation 
We consider an m - s t a g e por t fo l io selection problem, where m is a posi t ive in-
teger . A n investor can invest in a risk-free asset and cer ta in E u r o p e a n opt ions 
on a s tock index wi th different matur i t i es . We use to to deno te t h e s t a r t i ng 
t ime of t h e inves tment horizon a n d So t h e s tock index price at t ime to. T h e 
expi ra t ion da tes of t h e var ious opt ions are denoted by ii,亡2，…，and t爪，with 
to < ti < 亡2 …< tm-
Assume t h a t t h e level of t h e s tock index is a t t ime to, S i a t t ime t i , 
. . . , a n d Sm a t t ime tm- The re are n E u r o p e a n call opt ions and p u t opt ions 
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w i t h s t r i ke p r i ce Kf w i t h i = 1, 2, . . . , n , respec t ive ly , w h e r e j d e n o t e s t h a t t h e 
e x p i r a t i o n of t h e o p t i o n is a t t j , j = 1, 2,..., m，. 
A t t i m e to t h e inves to r f o r m s a p o r t f o l i o cons i s t ing of his i n v e s t m e n t s in t h e 
r i sk- f ree asse t a n d t h e o p t i o n s o n t h e s t o c k index . A t t i m e 力 i 二 1，2, ...’ m -
1, t h e i nves to r m a y rev ise h i s po r t fo l i o , d e p e n d i n g on t h e o b s e r v e d i n f o r m a t i o n 
u p t o t i m e t i t h a t i nc ludes t h e h i s t o r y of t h e s tock i n d e x u p t o t i m e t i , t h e 
h i s t o r y of h i s i n v e s t m e n t u p t o t i m e U a n d t h e h i s t o r y of his w e a l t h e v o l u t i o n 
u p t o t i m e U. H e c a n c h a n g e h i s ex i s t i ng p o s i t i o n s in t h e r i sk- f ree asse t a n d 
t h e op t i ons . T h e i nves to r ' s goal is t o m a x i m i z e t h e e x p e c t e d va lue of t h e final 
w e a l t h u n d e r t h e c o n d i t i o n t h a t his f ina l w e a l t h is a lways above or equa l t o a 
given level. For t h i s m o d e l , we refer t o "A P r i m a l - D u a l D e c o m p o s i t i o n - B a s e d 
In t e r io r P o i n t A p p r o a c h t o T w o - S t a g e S t o c h a s t i c L inea r P r o g r a m m i n g " by A. 
B e r k e l a a r , C. D e r t , B. O l d e n k a m p a n d S. Z h a n g [1], 
Le t Q t . t j i ^ i ) d e n o t e t h e n - d i m e n s i o n a l vec to r w h o s e l-ih. c o m p o n e n t rep-
r e sen t s t h e pr ice of a call o p t i o n a t t i m e U m a t u r i n g a t t j w i t h a s t r ike p r ice 
Ki, whi le t h e s tock i n d e x a t U is Si. Similar ly, d e n o t e Qt.t^iSi) t o b e t h e n-
d imens iona l vec tor whose ^-th c o m p o n e n t r e p r e s e n t s t h e pr ice of a p u t o p t i o n 
a t t i m e ti m a t u r i n g a t t j w i t h s t r ike pr ice K ^ whi le t h e s tock i n d e x a t U is 
Si. T h e r i sk-f ree in t e res t r a t e is d e n o t e d by r. Le t x^.^. b e t h e n - d i m e n s i o n a l 
vec to t t h a t r e p r e s e n t s t h e a m o u n t of n call o p t i o n s p u r c h a s e d a t t i m e U m a -
t u r i n g a t t j , a n d rrj*力.be t h e n - d i m e n s i o n a l vec to t t h a t r ep re sen t s t h e a m o u n t 
of n p u t o p t i o n s p u r c h a s e d a t t i m e U m a t u r i n g a t t j . Let Xq b e t h e a m o u n t 
inves ted in t h e r isk-free asset a t to. Similarly, let x{ b e t h e a m o u n t inves ted in 
t h e r isk-f ree asset a t ti, i = 1 , 2 , 3 , ...,m - 1. T h e decision var iab les a n d 
w i t h j = 1, 2, . . . , m a n d x^ d e n o t e t h e s t age zero var iables . T h e decis ion 
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var iab les a n d j = 2,3，…m a n d x( d e n o t e t h e f i r s t - s tage var iables; 
T h e decis ion var iab les x^j a n d x^.t., j = i + l , i + 2, ...m a n d x{ d e n o t e t h e 
i - t h s t age var iables . 
S u p p o s e t h e in i t ia l w e a l t h of t h e inves tor is VQ. D i s t r i b u t i n g his w e a l t h 
a m o n g t h e r isk f ree assest a n d t h e op t ions , t h e in i t ia l b u d g e t e q u a t i o n is given 
by： 
m m 
Vo = 4 (3.1) 
3 = 1 
where〈，) deno te s t h e inner p r o d u c t of two vectors . 
A t t i m e h , t h e wea l th of t h e investor is given by t h e following w h e n t h e 
s tock index is ^i： 
Vi = : 4 e x p ( r ( t i — t。 )） +〈 0 S i - K i ) +， : r � i � + � 0 ^ i - - S " i ) +， : r j ; , i � 
m m 
+ + (3-2) 
尸2 j=2 
where k 飞 = { K l , K l , K i J T , a n d for any given y G i T , deno tes t h e vector 
(max{yi,0}，…,max{2M，0})T. 
D i s t r i bu t ing his wea l th a m o n g t h e risk free assest a n d t h e opt ions , t h e b u d g e t 
equa t i on a t s t age 1 is given by: 
m rn 
V^=x{ + 似 itji^Si),xt�+ (3.3) 
j=2 3=2 
T h e wea l th of t h e investor a t t i m e t2 is given by t h e following when t h e s tock 
index is 82-
V2 = : r { e x p ( ( t 2 - i i ) ) + � 0 5 2 - K 2 ) + , a : ? i J + � ( / ^ 2 - S * 2 ) + , : < i 2 � 
^titj) t j � . 
(3.4) 
j=3 i = 3 
where K2 = { K f , ..., iiT^)^. 
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Similarly, t h e b u d g e t equa t ion a t s tage h - 1, h = 3 ," . , m, is given by: 
m m 
K - I 二 4 - 1 + + I ：〈况 - “ , - ( 而 - i ) , < _ i t � （ 3 . 5 ) 
j—h j=h 
T h e wea l th of t h e investor a t t i m e th, h = 3,..., m, is given by t h e following 
when t h e s tock index is Sh： 
Vh = 4 — 1 exp( r ( t h - t h - i ) ) + ((Sh - Kh)^,�_it J 
m 
j=h+l 
+ E (3-6) 
j=h+l 
w h e r e i^h = 购 , K g , 仏 
We require t h a t t h e final weal th of t h e investor a t t i m e tm never be less t h a n 
a given level G, no m a t t e r w h a t t he stock price Sm is, i.e., 
V m > G (3.7) 
T h e objec t ive func t ion is to maximize t h e expected t e rmina l value of t h e 
portfolio, i.e., 
m a x E{Vm) (3.8) 
T h e mul t i -per iod opt ions portfol io selection model wi th gua ran teed re tu rn 
can be now fo rmula ted as follows: 
m a x E(Vm) (3-9) 
s‘t. Vo = 4 + + (3.10) 
j 二1 
Vh = exp(r(th — t/^ —1)) + {{Sh -
m 
j=h+l 
+ E (3.11) 
j = h+l 
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m m 
=4+ E E 
j=h+l 3=h+l 
/i = l , 2 , . . . , m - l , (3.12) 
Vm 二 xL一 1 e x p ( r ( ‘ 一 tm-l)) + ((Sm — / ^ m , a^L-itm) 
+ � K n - 、 ) + ， （ _ 1 ‘ � （3.13) 
If we assume t h a t t h e s tock index takes a finite number of values, t h e ex-
pec ted final weal th can be t h e n calculated by 
N 
m a x E{Vm) = Y ^ ^ i V m i (3.14) 
i^i 
where P i , i = 1, 2 ， i s the probabi l i ty t h a t the stock index Sm is equal to a 
cer tain level Smi, Vmi is t h e final value of t he portfol io when Sm = Smi, 
Vmi = e x p ( ( t ^ - t m - l ) ) + {{Smi " l^m)^ ； 
+ (3.]-5) 
In t he proposed mul t i -per iod opt ions portfol io selection model , t h e risk is 
controlled by t he level of t he guaran teed final wealth. There is a trade-off 
between t he expected final weal th a t t a ined and the guaran teed final weal th 
imposed. The larger t h e guaran teed final wealth, the smaller t he expected 
final weal th t h a t can be achieved. The level of the guaranteed final wealth, 
G, should be set by t h e investor based on his individual risk a t t i t u d e towards 
risk. In s i tuat ions when t he investor is uncer ta in how to decide his individual 
guaranteed final wealth, G, t h e analyst can present h im different scennarios 
associated wi th different levels of t he guaranteed final wealth, G. T h e investor 
can then determine his favoura te level of the guaranteed final wealth, G. 
24 
3.2 Solution Algori thm Using Dynamic Program-
ming 
A s s u m e t h a t t h e s tock p r i ce m o v e m e n t fol lows a b i n o m i a l t r ee . T h e n t h e s tock 
p r i ce t a k e s f in i te d i s c re t e va lues . I n t h i s s i t u a t i o n , t h e m u l t - p e r i o d o p t i o n s 
p o r t f o l i o se lec t ion p r o b l e m w i t h g u a r a n t e e d r e t u r n c a n b e solved by D y n a m i c 
P r o g r a m m i n g m e t h o d . D y n a m i c p r o g r a m m i n g exp lo i t s t h e s e p a r a b i l i t y of t h e 
p r o b l e m u n d e r i nves t i ga t i on a n d d e c o m p o s e s t h e en t i r e p r o b l e m i n t o a f a m i l y 
of i n t e r d e p e n d e n t o n e - p e r i o d s u b p r o b l e m s . D y n a m i c p r o g r a m m i n g is t h e on ly 
un ive r sa l so lu t i on a l g o r i t h m for s t o c h a s t i c con t ro l p r o b l e m s . D y n a m i c p r o g r a m -
m i n g solves t h e m u l t - p e r i o d o p t i o n s p o r t f o l i o se lec t ion p r o b l e m w i t h g u a r a n t e e d 
r e t u r n b a c k w a r d s s t a r t i n g f r o m s t a g e m - 1. N o t e w h e n t h e s tock p r ice move-
m e n t fol lows a b i n o m i a l t ree , t h e r e a re /i + 1 poss ib le s tock pr ices a t s t a g e h, h 
= 0 , 1, . . . , m . 
For a given pa i r of (Vm-i , ! , Sm- i , i ) ^ t h e o p t i m i z a t i o n p r o b l e m a t t i m e t m - i 
is: 
m+l 
m a x EiVrn) 二 J 2 p j V m j (3.16) 
m+l 
= ^ Pi e x p ( r ( t ^ — tm-l)) + {{Smi - /^m)+，24_l，m�+ ( (^m _ 
S.t. + —l，m�+ , X^-l.^m) = Vm-l,i (3.17) 
Vmj = xL-l exp(r(tm - tm-l)) + ((Smj _ + , ^m-l,m} 
+ � ( / ^ m — ) + ， 《 — i ’ m � 2 G , j = l,2，...，m + l (3.18) 
T h e r e a re m poss ib le s tock prices a t t i m e 亡m—i. So t h e r e a re m s u b - p r o b l e m s 
t h a t need t o b e ca lcu la ted a t s t age t m - i - For a given pa i r of {Vm-i , i , S m - i , i ) , 
we d e n o t e t h e e x p e c t e d wea l th - to -go as / 爪 1 ) ， w i t h j = 1, 2, ..., m . 
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F o r a g iven p a i r of S m - 2 , i ) , w i t h i — l , 2 , . . . , m - 1, t h e o p t i m i z a t i o n 
p r o b l e m a t t i m e t m - 2 is： 
m a x f y . f m — i ( V r ' ) (3.19) 
S.t. V m - l , j 二 e x p ( r ( t m - l — t m - 2 ) ) + { { S m - l J 一 /^m —1)+, 3：;_2，爪一1� 
+ {{Km-l — , + {Qm-l,mi^rn-l,j), + {Qm-l,Tni^rn-l,j), • 
m rn 
r=m—l r=m — l 
T h e r e a r e m — 1 poss ib le s t ock pr ices a t t i m e tm-2- So t h e r e a re m - 1 
s u b - p r o b l e m s t h a t need t o b e c a l c u l a t e d a t s t a g e t m - 2 - For a given p a i r of 
Sm-2,i)^ we d e n o t e t h e e x p e c t e d w e a l t h - t o - g o as /m一2(^7^—2), i 
1. 2 , . . . , m - 1. 
A t s t a g e t m - h , h = 3, . . .m, for a g iven p a i r of {Vm—h,i, Sm—h,i), t h e 
o p t i m i z a t i o n p r o b l e m is: 
m-h+2 
m a x ^ P ) / 爪 - ( 3 - 2 0 ) 
j = i 
s . t . V m - h + l , j = ^ i i - h - t m - h ) ) + { ( S m - h + l , j 一 f ^ m - h + l ) ^ , ^ m - h , m - h + l } 
m 
+ ((/^m-h+1 _ — ：?•) +，工：一h，m — / i + l � + { Q m - h + l , r { ^ m - h + l , j ) ： ^ m - h , r ) 





T h e r e a re m - + 1 poss ib le s tock pr ices a t t i m e t m - h - So t h e r e a re m - ^ + 
1 s u b - p r o b l e m s t h a t need t o b e ca lcu la ted a t s t a g e t m - h - For a given pa i r of 
{Vm-h,i, Sm-h,i)： we d e n o t e t h e expec t ed wea l th - to -go as i = 
1, 2, ..., m — /i + 1. 
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R e p e a t i n g t h i s p r o c e s s recurs ively , we c a n ge t t h e o p t i m a l o p t i o n s p o r t f o l i o 
s t r a t e g y a n d t h e m a x i m u m e x p e c t e d va lue of t h e f ina l w e a l t h . 
3c3 Numerical Example 
W e cons ide r a t w o - s t a g e o p t i o n s p o r t f o l i o se lec t ion p r o b l e m w i t h g u a r a n t e e d 
r e t u r n . T h e s t o c k p r ice m o v e m e n t is a s s u m e d t o b e gove rned b y t h e fol lowing 





F i g u r e 3.1: T w o - s t e p B i n o m i a l Tree 
W e d e n o t e by SQ t h e in i t ia l s tock pr ice a t t i m e 0. A t a n y t i m e pe r iod , t h e 
s tock pr ice e i the r moves u p or moves down. Le t t h e u p - m o v i n g r a t e of t h e s tock 
pr ice b e u a n d t h e d o w n - m o v i n g r a t e of t h e s tock pr ice b e d. T h e p r o b a b i l i t y 
of t h e u p - m o v i n g of t h e s tock pr ice is d e n o t e d as p, w i t h 0 <p< 1. Obviously , 
t h e p r o b a b i l i t y of t h e d o w n - m o v i n g of t h e s tock pr ice is I - p. Le t t h e r i sk-f ree 
in te res t r a t e b e r. D e n o t e by q t h e r i sk -neu t r a l p robab i l i ty . 
T h e fol lowing d a t a a re set in ou r example : u = 1.2, d = 0.8 , r = 0 a n d 
p 二 0.6. 
T h e r i sk -neu t r a l p r o b a b i l i t y can b e ca lcu la ted as follows: 
-d 1 - 0 . 8 nr 
a = 二 = U.o. 
q u - d 1 . 2 - 0 . 8 
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F igu re 3.2: T w o - s t e p Binomia l Tree 
T h e following op t ions are a s s u m e d t o b e available a t s t age 0: T w o m a t u r i n g 
a t t i m e T a n d two m a t u r i n g a t t i m e 2T. T h e op t ions m a t u r i n g a t t i m e 2 T can 
be t r a d e d a t t ime T . 
(Toil): T h e s tr ike price of t h e first op t ion m a t u r i n g a t t ime T is i^oi = 100. 
T h e price of t h e associa ted call op t ion is given by 
Co\ = e — " [ g九 + (1 - g j fd ] = 1 * (0.5 * 20 + 0.5 * 0) = 10. 
T h e p-rice of t h e associa ted p u t opt ion it 
Po\ = e — " [ g / u + (1 — q)fd\ = 1 * [0.5 * 0 + 0.5 * 20] = 10. 
No te t h a t t h e call op t ion and t h e p u t opt ion sa t is fy t h e put -ca l l pa r i ty : 
c + Ke - " -^ = p + So (3.21) 
(T012): T h e str ike price of t h e second opt ion m a t u r i n g a t t ime T is Kq^ = 110. 
T h e price of t h e associated call op t ion is given by 
C l = e - � T [ q f u + (1 - q)fd] = 1 * [0.5 * 10 + 0.5 * 0] = 5. 
T h e price of t he associated p u t opt ion is 
Po\ = e - � . + (1 - q)fd] = 1 * [0.5 * 0 + 0.5 * 30] = 15. 
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(T021): T h e s t r ike price of t h e first op t ion m a t u r i n g at t ime 2T is K知 二 120. 
T h e price of t h e associated call op t ion is: 
== e — + —g)九d + — 
= 1 * [0.25 * 24 + 2 * 0.25 * 0 + 0.25 * 0] = 6. 
T h e price of t h e associated p u t op t ion is: 
Po'2 = + 2q{l - q)Ud + (1 - qf fdd] 
= 1 * [0.25 * 0 + 2 * 0.25 * 24 + 0.25 * 56] 二 26. 
(T022): T h e strike price of t he second opt ion ma tu r ing a t t ime 2T is K02 = 80. 
T h e price of t he associated call opt ion is: 
Cl) 二 e-^'^^lq^fuu + 2g(l - q)fud + (1 - q f f d d ] 
= 1 * [0.25 * 64 + 2 * 0.25 * 16 + 0.25 * 0] 二 24. 
T h e price of t he associated p u t opt ion is: 
Po'2 = e-^'-^iq^fuu + 2g(l - q)fud + (1 - qf fdd] 
二 1 * [0.25* 0 + 2 * 0 . 2 5 * 0 + 0 .25* 16] = 4. 
(T1U21): T h e stock price at t ime T is 120. T h e strike price of the first opt ion 
ma tu r ing at t ime 2T is KI2 = 120. T h e price of the associated call opt ion is: 
Cll = e - � u + (1 - q)fd\ 二 1 * [0.5 * 24 + 0.5 * 0] 二 12. 
The price of the associated pu t opt ion a t t ime T is: 
P i ' = + (1 — q)fa] - 0 . 5 * 0 + 0.5 * 24 = 12. 
(T1U22): The stock price at t ime T is 120. T h e strike price of t he second option 
matur ing at t ime 2T is = 80. The price of the associated call opt ion at 
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t i m e T is: 
C^i = + (1 - q)fd] 二 1 * [0.5 * 64 + 0.5 * 16] = 40. 
T h e price of t h e associated p u t op t ion a t t ime T is: 
P^^ 二 + (1 - q)fd] = 0.5*0 + 0.5*0 = 0. 
(T1D21) : T h e s tock price a t t ime T is 80. T h e str ike price of t h e second opt ion 
m a t u r i n g a t t ime 2T is KI2 = 120. T h e price of t h e associated call opt ion a t 
t ime T is: 
C\l = e - 卞 , + (1 - q)fd] = 1 * [0.5 * 0 + 0.5 *0] = 0. 
T h e price of t h e associated p u t opt ion at t ime T is: 
Pli = e-rT^qfu + (1 — q)fd] = 0 . 5 * 2 4 + 0 . 5 * 56 = 4 0 . 
(T1D22): T h e stock prire at t ime T is 80. T h e strike price of t he second opt ion 
m a t u r i n g at t ime 2T is KI2 = 80. T h e price of t he associated call opt ion a t 
t ime T is: 
CE = e - � u + (1 - q)fd] = 1 * [0.5 * 16 + 0.5 * 0] = 8. 
T h e price of t he associated p u t opt ion at t ime T is: 
P g = e — + (1 - q)fd] = 0 . 5 * 0 + 0.5 * 16 = 8. 
At t ime T , the stock price Si can be either 120 or 80. For each of t he two 
stock prices, an opt imizat ion problem needs to be solved to find out the opt imal 
investment in t h e risk-free asset and t he options f rom T to 2T based on dynamic 
programming. T h e options portfolio will be "stock price" dependent . 
For t he s i tuat ion when t he stock price S i = 120 at t ime T, we define the 
following decision variables. 
30 
x{: t h e value of r i sk-f ree asset invested a t t i m e T . 
XI2' t h e n u m b e r of call op t ion m a t u r i n g a t 2 T wi th s t r ike pr ice 120 invested 
a t t i m e T ( the pr ice is CI2 = 12). 
xll： t h e n u m b e r of p u t op t ion m a t u r i n g a t 2 T w i t h s t r ike price 120 invested 
a t t i m e T ( the pr ice is P}^ = 12). 
x l l - t h e n u m b e r of call op t ion m a t u r i n g a t 2 T w i t h s t r ike price 80 invested 
a t t i m e T ( the pr ice is Cfg 二 40). 
A s s u m e t h a t t h e wea l th of t h e investor a t t ime T is V n w h e n t h e s tock price 
is 120. W e as sume t h a t t h e gua ran t eed value of t h e final wea l th of t h e por t fo l io 
is G. T h e f inal wea l th of t h e por t fo l io should be no less t h a n 1000 no m a t t e r 
w h a t t h e s tock price is. T h e op t imiza t ion p rob lem a t t i m e T for a given pair 
(Vii , 二 120) is given as follows: 
m a x E{y2) = 0 . 6 ( 4 + + Ox?^ + U x f ^ ) + 0 .4 (x ( + O x ^ + 24x{l + 16x^1) 
s.t . x{ + 12x11 + + 40x^1 = V n 
x{ + 24xf2 + 64xf2 > G 
x{ + 2Axll + 16x11 > G 
which can b e simplified to 
m a x E{V2) = + 14.4x^2 + 9.6x^2 + 44.83：^ 
s.t. x{ + 12x^2 + 12^2 + 40x^2 = 
x( + 24x^2 + 64xg > G 
x{ + 24x^2 + 16xg > G 
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Solving t h e above l inear p r o g r a m m i n g prob lem, we get t h e following solut ions: 
x{ = 0, xll = 0，xg = -嘉 Vii + 斋G，xf^ = 嘉 Vn -点G when Vn > G. The 
p r o b l e m is infeasible w h e n V n < G. T h e op t ima l wea l th t o go / i ( V i i ) = 1.2Vii 
- 0 . 2 G w h e n V n > G. 
For t h e s i t ua t i on w h e n t h e s tock price = 80 a t t i m e T , we define t h e 
following decision var iables . 
x{: t h e value of r isk-free asset invested a t t ime T . 
x^l： t h e n u m b e r of p u t op t ion m a t u r i n g a t 2 T wi th s t r ike pr ice 120 inves ted 
a t t i m e T ( the price is P^^ = 40). 
x l l - t h e n u m b e r of call op t ion m a t u r i n g a t 2T wi th s t r ike price 80 invested 
a t t i m e T ( the price is = 8). 
x l l ： t h e n u m b e r of p u t op t ion m a t u r i n g a t 2T wi th s t r ike price 80 invested 
a t t i m e T ( the price is P ^ i = 8). 
Assume t h a t t h e wea l th of t h e investor a t t ime T is V12 when t h e s tock price 
is 80. T h e op t imiza t ion p rob lem a t t i m e T for a given pai r (V12, - 80) is 
given as follows: 
max E(V2) = + + 16a;g + Oxf^) + OA{x{ + 56工台 + Ox^ + 
s.t. x{ + 40x^2 + 8xf2 + 8x^2 = V12 
x{ + + 16x^1 > G 
x{ + 56x^1 + > G 
which can be simplified to 
m a x E{V2) = X{ + 36.8X^1 + 9 . 6 x g + 6.4x^2 
s.t. x{ + 40x^2 + + 8xll = V12 
x{ + 24x^2 + 16x^1 > G 
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x{ + 56x^2 + 16x^2 > G 
Solving t h e above l inear p r o g r a m m i n g p rob lem, we get t h e following solut ions: 
x{ = 0, xll = 嘉 G , xll = 1^12 - 盖 G , x{l = 0 w h e n V12 > G. T h e p rob lem 
is infeasible w h e n Vu < G. T h e o p t i m a l wea l th t o go /2(Vi2) = I.2V12 - 0 .2G 
w h e n V12 > G. 
A t t i m e 0, we define t h e following decision variables: 
xl： t h e value of r isk-free asset invested a t t i m e 0. 
t h e n u m b e r of call op t ion m a t u r i n g a t t ime T wi th s tr ike price 100 
inves ted a t t i m e 0 ( the price is Cqi = 10). 
x^l： t h e n u m b e r of p u t op t ion m a t u r i n g a t t ime T wi th s tr ike price 100 
invested a t t i m e 0 ( the price is Pqi = 10). 
Xq\: t h e n u m b e r of call op t ion m a t u r i n g a t t ime T wi th str ike price 110 
invested a t t ime 0 ( the price is Cqi = 5). 
x^l： t h e n u m b e r of p u t op t ion m a t u r i n g a t t ime T wi th str ike price k ^ = 110 
invested a t t ime 0 ( the price is Pqi = 15). 
x^l： t h e n u m b e r of call op t ion m a t u r i n g a t t ime 2T wi th s tr ike price 120 
invested a t t ime 0 ( the price is Cq2 = 6). 
x l \ \ t h e n u m b e r of p u t op t ion m a t u r i n g a t t ime 2 T wi th str ike price 120 
invested a t t ime 0 ( the price is Pq2 = 26). 
xf2- t h e n u m b e r of call op t ion m a t u r i n g a t t ime 2T wi th s tr ike price 80 
invested a t t ime 0 ( the price is = 24). 
t h e n u m b e r of p u t op t ion m a t u r i n g a t t ime 2 T wi th str ike price 80 
invested a t t ime 0 ( the price is P知 二 4). 
At t ime T , if t h e stock price is 120, t h e value of t h e portfol io is 
Vn = 4 + 2 0 : 4 1 + Oxg} + lOo^S? + Oxg' + 12:r 结 + + 40x^1 + Oxf^ 
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At t i m e T , if t h e s tock price is 80, t he value of t h e por t fol io is 
Vi2 = + + 2Qxl\ + Ox^? + 30xSi + Oa;品 + 402:^2 + + Srrgg 
For a given ini t ial weal th Vo, t h e op t imiza t ion problem a t t ime 0 is: 
m a x pifiiVii) + P2/2(Vi2) = 0 .6(1.2Vn - 0.2G) + 0.4(1.2^12 - 0.2G) 
= 0 . 7 2 ^ 1 1 + 0.48^12 一 0 . 2 G 
= 1 . 2 x 1 + 14.4x^1 + + 7.2a;洁 + U A x f ^ + 8.64:r 益 
+ 27.843:^2 + 32.64:E结 + 3 .84:rg - 0.2G 
s.t . xl + 10x^1 + lOxll + 5 x f , + + + 26:r益 + + 4x^2 = K) 
4 + + iOxf, + 12:r品 + 12x^1 + 40x^1 > G 
xl + + + + + > G 
Solving t h e above linear p rogramming problem, we get t he following s o k !:ions: 
W h e n Vo > G, 
x f , = x f , 二 ^ V o - 蒜 G , all o ther variables = 0 
T h e problem is infeasible when Vb < G. T h e m a x i m u m expected final weal th is 
m a x E{V2) 二 1.44^0 — 0.44G 
when VQ > G. 
T h e result can be shown as t h e following figure, which demons t ra tes t h a t there 
is a trade-off between the expecta t ion of the final weal th and the guaranteed 
re turn . 
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of Options Portfolio 
4el The Problem Formulation 
In th i s chap te r , we consider t h e s ame m-s t age p rob lem as in C h a p t e r 3. T h e 
objec t ive of t h e investor , however, is different be tween th i s chap te r and t h e 
previous chapte r . T h e ob jec t ive of t h e investor here is e i ther t o maximize t h e 
expec ted final wea l th sub jec t t o t h a t t h e var iance of t h e final wea l th is no greater 
t h a n a given level or t o minimize t h e var iance of t h e t e rmina l wea l th sub jec t t o 
t h a t t h e expec ted final wea l th is no less t h a n a given level. T h e r e is a t rade-
off be tween t h e expec ted final wea l th and t h e risk, which is descr ibed by t h e 
var iance of t h e final weal th . 
T h e mean-var iance fo rmula t ion for opt ions portfol io is: 
( P l ( a ) ) ： m a x E{VT) (4.1) 
s.t. Var^Vr) < o 
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or 
(_P2(e)) : m i n V a r i V r ) (4.2) 
s . t . E{VT) > E 
Vary ing cr or e in ( P l ( c r ) ) or ( P 2 ( e ) ) gene ra t e s t h e set of efficient po r t fo l io 
policies. 
A n equiva lent f o r m u l a t i o n t o t h e above two f o r m u l a t i o n s in g e n e r a t i n g effi-
cient po r t fo l io policies is 
(E[w)) : m a x {E{VT) - WVARIVR)} (4.3) 
w h e r e w G [0, oo), is t h e t rade-of f b e t w e e n t h e expec t ed t e r m i n a l w e a l t h a n d 
t h e assoc ia ted risk. 
I t is well k n o w n t h a t if 7r*solv es {E{w)), t h e n 7r*solv es (户1(>)) w i t h a = 
Var ( x t ) a n d tt* solves ( P 2 f e ) ) wit:> e = E {xt) U - N o t e t h e r e l a t ionsh ip 
w = ；二【丄了 a t t h e o p t i m a l so lu t ion of {E{w)). P r o b l e m f o r m u l a t i o n [E{w)) 
is p re fe rab le t o b e a d o p t e d in i nves tmen t s i t ua t ions where a n inves tor is able 
t o specify his des i rable t rade-off be tween t h e expec ted t e r m i n a l wea l th a n d t h e 
assoc ia ted risk. 
All t h r e e p rob lems ( P l ( f j ) ) , (P2 (e ) ) a n d {E{w)) are difficult t o b e solved 
di rect ly due t o the i r non-sepa rab i l i t y in t h e sense of d y n a m i c p r o g r a m m i n g . 
Following Li a n d Ng (2000), we cons t ruc t t h e following auxi l ia ry prob lem: 
: m a x E { - w V S + XVT} (4.4) 
T h e auxi l iary p rob l em is of a sepa rab le s t r u c t u r e and can be t h u s solved by 
d y n a m i c p rog ramming . 
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S u p p o s e t h a t t h e inves to r ' s in i t i a l w e a l t h t o b e inves ted is VQ. H e or she 
c a n inves t in a r i sk- f ree asse t a n d E u r o p e a n o p t i o n s w i t h d i f fe rent m a t u r i t i e s . 
T h e s t a r t i n g t i m e is to. T h e e x p i r a t i o n d a t e s of t h e op t i ons a re d e n o t e d by 
ti,亡2， ...， tm, w i t h to < ti <t2... < tm, w h e i e m is a pos i t ive in teger . T h e 
inves to r c a n revise his or her p o s i t i o n s in r isk f ree asset a n d op t i ons a t d i f fe ren t 
s tages . T h e s y s t e m d y n a m i c s is t h e s a m e as t h a t in C h a p t e r 3. 
T h e aux i l i a ry p r o b l e m of t h e m e a n - v a r i a n c e f o r m u l a t i o n of op t i ons po r t fo l i o 
c a n b e now def ined as: 
{A{X,w)) + (4.5) 
s. t . Vh = x l _ ^ e ^ p { r { t h - t h - i ) ) + 
m 
m 
+ E 吼 t 料 （ 山 / i = l ， 2 , . . .， m 
j — h^. i 
Vo is given. 
m rn 
j = h + l i= / i+ l 
= 0,1，...，m — 1. 
If we a s s u m e t h a t t h e s tock index t akes a f in i te n u m b e r of values, t h e e x p e c t e d 
f inal w e a l t h can b e t h e n ca lcu la ted b y 
N 
m a x E{-WV^ + AT/爪} 二 ；^Pi(—•u/l^丄 + AKm) (4.6) 
i = l 
where P i , i = 1 ,2 , . . . , iV is t h e p robab i l i t y t h a t t h e s tock index Sm is equa l t o a 
ce r t a in level Smi, Vmi is t h e f inal va lue of t h e por t fo l io w h e n Sm = Smi, 
Vmi = a：二一 1 exp( ( tm -力m—1)) +� ( 5 V n i — «:m) +， a 4 - l , m � 
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4.2 Solution Algori thm Using Dynamic Program-
ming 
W e a s s u m e t h a t t h e s tock price m o v e m e n t follows a b inomia l t ree . U n d e r th i s 
a s s u m p t i o n , t h e s tock price t akes f ini te d iscre te t i m e values. W h e n t h e s tock 
pr ice m o v e m e n t follows a b inomia l t ree , t he re are /i + 1 possible s tock prices a t 
s t age h, h = 0,1,..., m. 
T h e p r o b l e m {A{X,w)) is of a separable s t r u c t u r e a n d it t h u s can be solved 
by D y n a m i c P r o g r a m m i n g m e t h o d . 
For a given pa i r of {Vm- i , i , S m - i , i ) , where i = 1, 2, •.., m denotes t h e m 
possible s tock price a t t i m e t ^ - i , t h e op t imiza t ion p rob lem a t t ime t m - i is as 
follows: 
m a x (4.8) 
m+l 
i=l 
S.t. a；二一 1 + 
+ (Qm-l,m('^rn-l,j); ^ m-l,m) 二 
Vmi = a；二一 1 exp((t^ — tm-l)) + {{Smi _ '^m)^, Xm-l,m) 
+ {{l^m — ： ^ m - l , m ) 
So the re are m sub-problems t o be calcula ted a t s tage t m - i - For a given pair 
of (Vm-i,i； S m - i , i ) , we deno te t h e expected weal th- to-go as 
For a given pai r of (Vm-2“； Sm-2,i}, w i th i = 1 ,2 , ...m - 1, t h e op t imiza t ion 
p rob lem a t t ime t m - 2 is given by: 
m 
m a x 1) 
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m 
S.t. X二_2 + ^ ^ ^m-2,r ) 
r=m — l 
m 
+ E I 2 具 — 2 ， 丄 � — 2 , � = K z 一 2 ， i 
r = m —1 
Vm-l,j =工二一2 e x p ( r ( ‘ — i - tm-2)) + {{Sm-l,j - /«m_l)+，工；—2’m-l� 
+ ((/^m-1 — Sm-lj)'^ ： ^m-2,m-l) 
+ {Qm-l,Tn{^rn-l,j), ^m-2,m) + {Qm-l,mi^rn-l,j) ^ ^m-2,m) 
T h e r e a re m - 1 poss ib le s t ock pr ices a t t i m e t m - 2 - So t h e r e a re m - 1 
s u b - p r o b l e m s t h a t n e e d t o b e ca l cu l a t ed a t s t a g e t m - 2 - Fo r a g iven p a i r of 
(V'm-2,i； Sm-2,i), we d e n o t e t h e e x p e c t e d w e a l t h - t o - g o as / 爪 一 i = 
1, 2 , . . . , m — 1. 
A t s t a g e Un-h, = 3, . . m , for a g iven pa i r of (Vm—h,i, Sm-h,i), t h e 
o p t i m i z a t i o n p r o b l e m is: 
m-h+2 
m a x ^ (4.9) 
m 
S.t. ool^  — j^  + ^ 
r—m —h+1 
m 
+ �QPm — h,r(Sm_h,i),xL—h,r) = 
V m - h + l , j 二 - t m ~ h ) ) 
+ { { S m - h + l J 一 Km — h+l)+，2;; — /i’m-/i + l � 
+ {{l^m-h+l 一 Sm-h+lj)^ 
m 
r=m — h+2 
m 
r=m — h+2 
T h e r e a re m — + 1 poss ib le s tock prices a t t i m e t m - h - So t h e r e a re m - /i + 
1 s u b - p r o b l e m s t h a t need t o b e ca lcu la ted a t s t age t m - h - For a given pa i r of 
{ V m - h , i , S m - h , i ) , we d e n o t e t h e expec ted wea l th - to -go as / 爪 一 " ( V / " - i = 
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1, 2, ..., m — h + 1. 
Solving t h e o p t i m i z a t i o n p r o b l e m s backwards , we can get t h e o p t i m a l wea l th -
to-go a t s t age 0, foiVg) wh ich is equa l t o t h e expec ted value of E(-wV^-i-XVm), 
which is a f u n c t i o n of A. A d j u s t i n g t h e value of A, we can m a k e t h e o u t c o m e 
t o sa t i s fy t h e o p t i m a l condi t ion A* = 1 + 2wE(Vm) T h e co r respond ing 
so lu t ion is o p t i m a l t o (E(iu)). 
4.3 Numerical Example 
W e consider a two-s tage p rob lem. T h e s tock price movemen t follows t h e bino-





Figure 4.1: Two-s t ep Binomia l Tree 
We denote by So t h e ini t ial s tock price at t ime 0. A t any t i m e per iod , t h e 
s tock price ei ther moves u p or moves down. Let t h e up-moving r a t e of t h e s tock 
price be u and t h e down-moving r a t e of t h e s tock price be d. T h e probabi l i ty 
of t h e up-moving of t h e s tock price is denoted as p, w i th 0 < p < 1. Obviously, 
t h e probabi l i ty of t h e down-moving of t h e s tock price is 1 - p. Let t h e risk-free 
interest r a t e be r. Deno te by q t h e r i sk-neutra l probabil i ty. 
T h e following d a t a are set in our example: u = 1.1, d 二 0.9, r = 0 and p 二 0.6. 
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F i g u r e 4.2: Two- s t ep B inomia l Tree 
T h e r e are two available op t ions a t t i m e T a n d two available op t ions a t t i m e 
2T . Suppose t h a t t h e s t r ike pr ice of t h e first op t ion a t t i m e T is K^^ = 100 a n d 
t h e s t r ike price of t h e second op t ion a t t i m e T is K^^ = 105. T h e s t r ike price 
of t h e first op t ion a t t ime 2 T is = 110 a n d t h e s tr ike price of t h e second 
op t ion a t t i m e 2 T is Kq2 — 90. 
T h e r i sk-neut ra l p robab i l i ty can be ca lcula ted by: 
e^T -d 1 — 0 . 9 八 〔 
a — = = U.5 
y u-d 1 . 1 - 0 . 9 
(Toil): For t h e opt ions w i t h m a t u r i t y d a t e T and t h e s tr ike price K^i 二 100， 
t h e pr ice of t h e call op t ion is 
Co\ = + (1 - q)fd] = 1 * (0.5 * 10 + 0.5 * 0) 二 5, 
a n d t h e price of t h e p u t op t ion is 
Po\ = + (1 — Q)fd] = 1 * [0.5 * 0 + 0.5 * 10] = 5 
(TO 12): For t h e opt ions w i th m a t u r i t y d a t e T and t h e str ike price Kq^ = 105, 
t h e price of t h e call op t ion is 
= + (1 _ q)fd] = 1 * [0-5 * 5 + 0.5 * 0] = 2.5, 
a n d t h e price of t h e p u t op t ion is 
二 e - � + ( 1 - q)fd] = 1 * [0.5 * 0 + 0.5 * 15] 二 7.5 
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I t c a n b e ver i f ied t h a t t h e call o p t i o n a n d t h e p u t o p t i o n s a t i s f y t h e p u t - c a l l 
pa r i t y . 
( T 0 2 1 ) : F o r t h e o p t i o n s f r o m t i m e 0 t o m a t u r i t y d a t e 2 T a n d t h e s t r i ke p r i ce 
Kq2 = 110, t h e p r ice of t h e call o p t i o n is 
二 e — / 皿 + 2 g ( l - + (1 — q f f d d ] 二 1 * [0.25 * 11 + 2 * 0 .25 * 0 + 0 .25 * 0] = 2.75， 
a n d t h e p r ice of t h e p u t o p t i o n is 
PJ2 = 腿 + 2g(l - q ) f - + (1 — q)^fdd] 二 1 * [0.25 * 0 + 2 * 0.25 * 11 + 0.25 * 29] = 12.75 
( T 0 2 2 ) : Fo r t h e o p t i o n s f r o m t i m e 0 t o m a t u r i t y d a t e 2 T a n d w i t h s t r i ke 
p r ice = 90, t h e p r ice of t h e call o p t i o n 
CI2 = e — 簡 + 2q{l — q) f - + (1 - q f f d d ] = 1 * [0-25 * 31 + 2 * 0.25 * 9 + 0 .25 * 0] = 12.25, 
a n d t h e pr ice of t h e p u t o p t i o n is 
P^ 二 e�T[q2:U + 2 g ( l - q)fud + (1 - qfldd] = 1 * [0.25 * 0 + 2 * 0.25 * 0 + 0 .25 * 9] = 2.25. 
( T 1 U 2 1 ) : C o n s i d e r i n g t h e o p t i o n s f r o m t i m e T t o m a t u r i t y 2 T w i t h t h e 
s t r ike pr ice 110, if a t t i m e T t h e s tock p r ice is 110, t h e pr ice of t h e call o p t i o n 
is 
C J I 二 e - � u + (1 - q)fd] = 1 * [0.5 * 11 + 0.5 * 0] = 5.5, 
a n d t h e pr ice of t h e a s soc ia t ed p u t o p t i o n is: 
Pl^ 二 e - � , + (1 _ q)fd] = 1 * [0.5 * 0 + 0.5 * 11] = 5.5 
( T 1 U 2 2 ) : Cons ide r ing t h e o p t i o n s f r o m t i m e T t o m a t u r i t y 2 T w i t h t h e 
s t r ike pr ice 90, if a t t i m e T t h e s tock pr ice is 110, t h e pr ice of t h e call o p t i o n is 
Cfi 二 e-rT^u + (1 - q)fd] 二 1 * [0.5 * 31 + 0.5 * 9] = 20, 
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a n d t h e p r i ce of t h e a s soc i a t ed p u t o p t i o n is 
Pll 二 e - " [ g 九 + (1 - q)fd] = 1 * [0 + 0] = 0. 
( T 1 D 2 1 ) : C o n s i d e r i n g t h e o p t i o n s f r o m t i m e T t o m a t u r i t y 2 T w i t h t h e 
s t r ike pr ice 110, if a t T t h e s tock pr ice is 90, t h e pr ice of t h e call o p t i o n is 
C l l = 九 + (1 - g ) / , ] = 1 * [0.5 * 0 + 0.5 * 0] = 0, 
a n d t h e p r ice of t h e a s soc ia t ed p u t o p t i o n is 
PU = + (1 - q)fd] = 1 * [0.5 * 11 + 0.5 * 29] = 20 
( T 1 D 2 2 ) : Cons ide r ing t h e op t i ons f r o m t i m e T t o m a t u r i t y 2 T w i t h t h e 
s t r ike pr ice 90, if a t T t h e s tock pr ice is 90, t h e pr ice of t h e call o p t i o n is 
C ? | = e - ^ ^ l g f u + (1 — q)fd] = 1 * [0-5 * 9 + 0.5 * 0] 二 4.5， 
a n d t h e pr ice of t h e assoc ia ted p u t o p t i o n is 
P 这 二 + (1 _ q)fd] 二 1 * [0.5 * 0 + 0.5 * 9] = 4.5. 
S u p p o s e t h a t t h e ini t ia l wea l th is 1000. i.e., Vb = 1000. T h e m e a n - v a r i a n c e 
m o d e l is 
max {E{V2) - wVar{V2)} 
w h e r e 0 < k; < cx). 
T h e a s soc ia t ed auxi l ia ry p rob lem: 
max E{-wV} + XV2} 
A t s t age 1, w h e n t h e s tock pr ice is = 110 a n d t h e wea l th of t h e por t fo l io 
is V n , we def ine t h e following decision variables: 
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x{: t h e va lue of r i sk-f ree asset invested. 
x l l - t h e n u m b e r of call op t i ons f r o m T t o 2 T a n d w i t h s t r ike price 110 ( T h e 
price is 5.5). 
xll： t h e n u m b e r of p u t op t ions f r o m T t o 2 T a n d w i t h s t r ike price 110 ( T h e 
price is 5.5). 
xll： t h e n u m b e r of call op t ions f r o m T t o 2 T wi th s t r ike pr ice 90 ( T h e price is 
20). 
T h e n t h e auxi l ia ry p r o b l e m a t 二 110 is: 
m a x 0.6{-w{x( + l l x ^ ^ + Ox^l + 31:rf2)2 + X{x{ + llxf^ + Ox^l + 31xf2 )} 
+ OA{-w{x{ + 0x^2 + llx^l + 9xllf + X{x{ + 0:rf2 + Hx^l + QxH)} 
s.t . V n = + ^ x l l + + 20xf2 
Using t h e Lagrange Mul t ip l ier m e t h o d yields t h e following Lag rang ian func t ion 
L = O.Q{-w{x{ + llx',1 + Ox?^ + S l x f ^ f + A(x{ + l l x f , + Oxf^ + 31xf2)} 
+ 0.4{-w(x{ + 0:r 结 + llx^l + 9x11^ + X{x{ + 0x^2 + Hx^l + 9xll)} 
where (f is t h e L a g r a n g i a n mult ipl ier . Taking derivat ives of L w i th respect t o 
t h e decision var iables a n d mult ipl iers gives 
PL 一 色 — d L = = 些 = 0 
i.e., 
2wx{ + 13.2wxl\ + 8.8^0x^2 + UAwx^l - (p = A 
U.2wx{ + Ub.2wxll + 409.2wx'il 一 警 = 6.6A 
S.8wx{ + 96.8wxll + 79.2wxf2 — ^ ^ = 4.4A 
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AAAwx{ + m.'Iwxll + 79.2wxll + UlSwxll - 20ip = 22.2A 
Notice t h a t t h e r ank of t h e coefficient ma t r i x of t he above set of l inear equa t ions 
is 3 and t h e solut ion is t h u s no t unique. One solution is 
— 
工 12 - 9 9 1 ^ 3 3 ^ 1 
— 十 15 11 
2 4 � 48 , , 
^ = - 元 入 + 元 
Other variables = 0 
T h e weal th to go at = 110 is ob ta ined as follows for a given l/n： 
/ ( V i i ) = 0 . 6 { - w ( x { + 11x^2 + 31xf2)2 + A(x( + 11x^2 + 
+ OA{-w{x{ + U . t G + Qxllf + Kx{ + 11x^1 + 9xll)} • 
5 lOit; 5 5 lOw 5 
- 善 — + 書 +芸 A ( - + 鲁 Vii) 
5 lOii； 5 5 lOw 5 
T h e derivative of f wi th respect t o Vn is 
明 ⑷ = 0 . 9 6 A 一 1.92wVii. 
dVii 
At s tage 1, when t he stock price is S i = 90 and the wealth of t he portfol io 
is Vi2, we define the following decision variables: 
x(: t h e value of risk-free asset invested. 
^P^ ： t h e number of t h e pu t opt ions f rom T to 2T and wi th strike price 110 (The 
price is P ^ l 二 20). 
t he number of t he call opt ions f rom T to 2T with strike price 90 (The price 
is 4.5). 
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x^l： t h e n u m b e r of p u t op t ions f r o m T t o 2 T w i t h s t r ike price 90 (The price is 
P g = 4.5). 
N o t e t h a t t h e call op t ion f r o m T to 2 T w i t h s t r ike price 110 is wor th 0 a n d 
t he r e is t h u s no need t o invest in th i s opt ion . 
T h e auxi l ia ry p rob lem at 5 i 二 90 is: 
m a x 0 . 6 { - n ; ( x { + llxf^ + 9xf2 + Ox?^)' + A(x{ + llxf^ + 9xll + Oxf^)} 
+ OA{-w{x{ + 31x{l + Oxf2 + + A(x{ ^ Slx^l + Ox^ + 9xll)} 
s. t . Vi2 = xf + 20x^2 + 4.5a：器 + A.bxll-
Using t h e Lagrange Mult ipl ier m e t h o d yields t h e following Lagrangiai i func t ion 
L = OS{-w{x{ + Uxll + + X{x{ + llxll + 9xll)} 
+ OA{-wix{ + Slxll + 9xllf + A(x( + 31x^1 + 9xf^)} 
+ if{xi + 2 0 x ^ + 4.5工f2 + 一 T/12) 
where (f is t h e Lagrang ian mult ipl ier . Taking derivatives of L wi th respect t o 
t h e decision variables and mult ipl iers gives 
dL —d L _ 色 — 一 些 = 0 
厨 = 硬 = 碼 = 碼 = ‘ = 
i.e., 
2wx{ + SSwx^l + lO.Swxll + 7.2wxf2 1 = \ 
^^wxi + 914^ /;工益 + 118.8'u;xg + 222,.2wx{l - 2Q(p = 19A 
lQ.Swx{ + 118.8w;x^2 + 97.2w;a:^2 _ = 5.4A 
7.2wx{ + 223.2wxll + 64.8^7x^2 - 4.5(p 二 3.6A 
x{ + 20a:?2 + 4.5xf2 + 4.5x^2 = Vu 
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Notice t h a t t h e r ank of t h e coefficient m a t r i x in t h e above set of l inear 




iz 45w 45 
2 4 � 48 
^ = — 元 入 + 元 
Other variables = 0 
T h e wea l th t o go at S i = 90 is ob ta ined as follows for a given Vu-
f(Vi2) 二 0.6{-w(x{ + llx{l + 9xllf + X{x{ + + 9x11)} 
+ OA{-wix{ + 31x^1 + + X{x{ + 31x^1 + 9xf^)} 
3 , A 4 - � � 2 A I 4 
5 lOw 5 5 lOw t> 
T h e derivat ive of f wi th respect t o Vu is 
df (Vi2) ^Q qqx-1.92wVI2 
dVi2 
At s tage 0, we define t he following decision variables: 
x^: t he value of t h e risk-free asset invested at t ime 0. 
t he number of t he call opt ion wi th strike price KQ^ 二 100 and ma tu red at 
T (The price is C j i = 5). 
x^l ： t h e number of t he p u t opt ion wi th strike price K^^ = 100 and m a t u r e d at 
T (The price is Po\ = 5). 
t he number of t he call opt ion wi th strike price K^^ = 105 and ma tu red at 
T (The price is C呂丄 二 2.5). 
t he number of the pu t opt ion with strike price A^qi = 105 and ma tu red at 
T (The price is Po\ = 7.5). 
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x^: t h e n u m b e r of t h e call op t i on w i t h s t r ike pr ice Kq2 — H O a n d m a t u r e d a t 
2 T ( T h e pr ice is C^^ = 2.75). 
x^l： t h e n u m b e r of t h e p u t op t i on w i t h s t r ike price Kq2 二 110 a n d m a t u r e d a t 
2 T ( T h e pr ice is = 12.75). 
x^l： t h e n u m b e r of t h e call op t ion wi th s t r ike price K呂2 二 90 a n d m a t u r e d a t 
2 T ( T h e pr ice is C吕2 = 1 2 . 2 5 ) . 
xll： t h e n u m b e r of p u t op t ions w i t h s tr ike price Kq2 = 90 a n d m a t u r e d a t 2 T 
( T h e pr ice is P^^ = 2.25). 
T h e o p t i m i z a t i o n a t s t age 0 is: 
m a x 0 . 6 / ( V i i ) + 0 .4 / (V i2 ) 
s . t . 
Vo = 1000 
= 4 + 5工活 + + 2.5 工结 + 7.5xf, + 2.75:z:结 + U.Tox^^ + 12.25x^1 + 2.25x^2' 
V n = 4 + 10x^1 + OxS + + O^S? + 5.5:r 结 + S.SxJ^ + 20x^1 + Ox^^ 
V12 = xl + 0x^1 + 10x^1 + Oxfi + 15x^1 + + + 4.5x^2 + 
Using t h e Lag range Mul t ip l ier m e t h o d yields t h e following Lag rang ian func-
t ion 
L = 0 . 6 / ( V i i ) + OAfiVu) + ^{xl + 5x^1 + + 2.5xf, + 7.5xf, 
+ 2.75x^1 + 12.752；?2 + 12.25x^2 + 2.25x^2 一 1000) 
where (p is t h e Lag rang ian mult ipl ier . Taking derivat ives of L w i th respect to 
t h e decision variables a n d mult ipl iers gives 
dL dL d L _ 色 — d L _ 色 二 色 二 J L 二 匹 = � 
兄 = 兩 二 爾 = 碌 = 硕 = 爾 = 硕 二 硕 — 藏 - 『 
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i.e., 
I.92wxl + 11.52•活 + imwxll + 5.76•治 + + 6.336•结 
+ + 26 .496•结 + SASQwxf^ - P^ = 0.96A 
I I , 5 2 w x l + + Oxg} + 57.6wxf^ + Oxf^ + 63.36切:r 结 + 6 3 M w x l l 
+ 230 .4•结 + O r r S � - = 5.76A 
TMwxl + + 7 6 . 8 雷 S i + Oxf^ + nb.2wxf^ + 0工结 
+ + 34..56wxf2 + - ^ ^ = 3.84A 
5,7Qwxl + o7.6wx^Q\ + Ox^l + 28.8wxf^ + Qxf^ 
+ + 31.6Swxl l + 结 + Oxf^ - 2.5(/p = 2.88A 
n.S2wxl + 0x^1 + 115.2wxll + Ore 洁 + 172.8wxf^ + Oa;结 
+ 230。4體2; + 51.84慨结 + 51.84狐综 一 二 5.76A 
+ + Oxg} + 31.68wxf^ + 34.848^^;品 
+ 34.848w;a4 + l2Q.72wx'^l + Oxf^ - 2.75(p = 3.168A 
2im6wxl + 63.36-^ x^ 1 + 15.36w;xg} + S1.68wxf^  + 2-dOAwxll 
+ 34 ,848•结 + 3 4 2 M 8 w x l l + 195.84•结 + 69.12慨《目—12.75(p = 10.848A 
26A96wxl + 230Awx^Q\ + UMwxl\ + + SlSAwx^l 
+ 1 2 6 � 7 2•结 + IQ^Mwxll + 476.352概洁 + i 5 . 5 5 2 ^ J � _ = 13.248A 
3 A 5 6 w x l + 0x^1 + Oxf^ + 51.84濃gf + Oa;结 + Qd.Uwx^l 
+ + 15.552wxll - 2.25(p = 1.728A 
xl + 5x^1 + + + 7.5xf, + 2.75x^^1 + 12.75xS^ 
+ 12.25•结 + 2.25x^2 - CV 二 1000 
Notice t h a t the rank of the coefficient mat r ix of the set of linear equat ions 
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is 5 a n d t h e so lu t ion is t h u s n o t un ique . O n e so lu t ion is 
c2 — 49入 _ 2 7 ^ 
� 二 丁 
c2 — — _ ^ 800 
二 - i ^ + i 
9216 5 7 6 � 
O t h e r var iab les 二 0. 
A n o p t i m a l so lu t ion t o (A(A, w) ) is o b t a i n e d . T h e n e x t s t ep is t o find t h e 
va lue of t h e o p t i m a l va lue of A, t h u s r each ing t h e o p t i m a l i t y of t h e p r i m a l 
p r o b l e m {E{w)). T h e key t a s k here is t o der ive a n ana ly t i ca l express ion of 
E{V2) in t e r m s of A. F r o m t h e o p t i m a l so lu t ion a t s tage 0, we get: 
V n = 4 + 102：^ + Ox?} + + OxS? + 5 . 5 : ^ + S.SxjJ + 20x^2 + ^^ol 
= 8 0 0 + 去 
= 1 2 � � - ! ^ 
If a t t i m e T , t h e s tock pr ice is S i = 110，then 
_ 4A W A 8000 
巧 2 = ^ _ 冠 11 = ^ — 
c2 — 一 _ ^ ^ 一 A ^ 
工 12 二 - ^ + ！ ^ 11 二 j 
O t h e r var iables = 0 
T h e n a t T , t h e expec ted t e rmina l wea l th is: 
E{V2I) 二 + l l x ^ ^ + 31x^1) + QA{x{ + LLXLL + 9 x g ) 
= 6 . 6 2 : ^ 2 + 22.2x^1 
= 7 6 8 + 0 . 1 1 6 -
w 
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If a t s t age T , t h e s tock price is S i = 90, t h e n 
A fi X 
x{ = ^ + - V i 2 = 1440 — 0.22 — 
i lOu; 5 w 
e2 A 2 160 2A 
〜 = 〜 二 - i + ‘ 
O t h e r var iables = 0. 
T h e n a t T . t h e expec ted t e r m i n a l wea l th is: 
E i y 2 2 ) 二 0 .6(x{ + l l x g + 9xf2) + 0 . 4 ( 4 4- + 
= x { + 5.4x^2 
= 1 1 5 2 - 0 . 0 7 6 -
w 
T h e expec ted t e r m i n a l wea l th a t t ime 0 is: 
E{V2) = 0.6E{V2I) + 0AE{V22) 
= 0 聊 + 盖 ) + 0 . 4 ( 1 1 5 2 -盖） 
二 921.6 + 0.0392— 
w 
From t h e op t ima l condi t ion on A, 
A = 1 + 2wE{V2) 
we have 
入 = 1 + 2 * w; * (921.6 + 0 . 0 3 9 2 - ) . w 
T h e op t ima l X t h u s satisfies 
A = 1.0851 + 2000W； 
T h e expec ted t e rmina l wea l th is given as follows in t e r m s of w, 
1.0851 + 2000U； 0.0425 
EiVo) = 921.6 + 0.0392 * — = 1000 + 
、 丄 ) w w 
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T h e op t ima l inves tment policy for (E{w)) can be summar ized as follows: 
At t ime 0, 
2 二 _ 688.8889 
w 
二 + 222.2222 uj w 
All o ther variables = 0. 
If t h e s tock price a t T is 110, t hen 
= _ 222.2222 Id w 
. 1 1 = « + 111.1111 
w 
All o ther variables = 0. 
If t he stock price a t T is 90, t hen 
f 0.2387 
x{ = 1000 
丄 w 
c2 _ 0.0289 
^ 1 O 二 ‘ 
^^ w 
All o ther variables = 0. 
T h e final t a sk is to derive t h e analyt ical expression of the mean-var iance efficient 
frontier . From 
oQi 217 
五 ( 对 ） = 0 . 6 2 ( 1 0 0 0 + 0 . 6 * 0.4(1000 
249 、o 9, 2361 
+ 0 . 4 * 0 . 6 ( 1 0 0 0 + i ) ? + 0.42(1000— 
87.576 0.0229 
=1000000 + + ^ ^ 
w w^ 
and 
„ 0.0425,9 85 0.0018 
{ E { V 2 ) f 二（1000 + - 1 0 0 0 0 0 0 + — + 
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t h e va r i ance of V2 can b e o b t a i n e d as: 
T h e m e a n - v a r i a n c e efficient f ron t i e r can b e o b t a i n e d by e l imina t ing p a r a m -
eter w in t h e express ions of E{V2) a n d Var(¥2), 
Var{V2) 二 11 .6817(E (V2) - 1000)2 + 60.6118(E(V2) - 1000) 
for E i y 2 ) > 1000. 
T h e m e a n - v a r i a n c e efficient f ron t i e r is shown as F igure 4.3. 
F i g u r e : T h e M e a n - V a r i a n c e E f f i c i e n t F r o n t i e r 
1 0 5 0 , n 1 ‘ 1 ‘ ‘ y i 
Z " J 
1 0 4 5 - -
z Z 
1 0 4 0 - Z 
i�H , ' z -
丨 / 1 
1 0 3 0 t Z • 
,Z -
— , Z - -
/ _ 
1010卜 / _ 
！ / 
1 0 0 5 h / _ 
/ 
1 � � � 0 ^ 1 T^i 2 i !^ 3 3.5 
V a r ( V 2 ) x l o " 
W e can also get t h e following tab le , which shows t h a t t he r e is a t rade-off 
be tween t h e e x p e c t a t i o n a n d t h e var iance of t h e t e rmina l weal th . 
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w A E{y2) Var{V2) 
0.001 3.0851 1042.5 23676 
0.002 5.0851 1021.3 6563 
0.003 7.0851 1014.2 3203.1 
0 . 0 0 4 9.0851 1 0 1 0 . 6 1 9 6 2 . 8 
0.005 11.0851 1008.5 1359.2 
0.01 21.0851 1004.25 468.6 
0.015 31.0851 1002.83 265.5111 
0.02 4L0851 1002.125 170.5125 
0.05 101.0851 1000.85 59.96 
0.10 201.0851 1000.425 27.87 
0.5 1001.1 1000.085 5.2364 
1 2001.1 1000.0425 2.5971 
5 10001 1000.0085 0.5160 
10 20001 1000.00425 0.2578 
50 105 1000.00085 0.0515 
100 2 * 10^ 1000.000425 0.0258 
1000 2 * 106 1000.0000425 0.0026 




C o m p a r e d w i t h s tocks a n d bonds , op t ions involve less t r a n s a c t i o n cost a n d 
smaller cash a m o u n t r equ i remen t . A l though op t ions por t fo l io is of a signifi-
cance in real inves tment pract ice , it has no t been widely inves t iga ted in t h e 
l i t e ra ture . Th i s thes is represen ts a s tep- forward in advanc ing op t ions portfol io . 
In th i s thesis , two models for mul t i -per iod op t ions por t fo l io analysis have been 
developed. These two m e t h o d s are different in the i r ways in deal ing wi th risk. 
One approach is t o maximize t h e expected r e t u r n wi th a cons t ra in t of guar-
an teed r e tu rn which controls t h e down-side risk. T h e o ther app roach is t h e 
mean-var iance analysis. D y n a m i c p rog ramming is used in b o t h m e t h o d s as a 
solut ion scheme. We should emphas ize here t h a t t h e success of our dynamic pro-
g ramming a lgor i thm is largely due t o our adop t ion of t h e b inomial t ree model 
for t h e s tock process. 
T h e resul ts ob ta ined in th i s thesis are prel iminary. More f u n d a m e n t a l proper t ies 
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in op t ions por t fo l io need t o b e explored a n d more e l ement s need t o b e a d d t o 
t h e m o d e l in o rder t o close t h e g a p be tween t h e mode l a n d t h e rea l wor ld . 
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